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COHOMOLOGY AND EXTENSION PROBLEMS FOR SEMI 

^-CORONAE 

ALBERTO SARACCO* *, 

GIUSEPPE TOMASSINF’* 


Abstract. We prove some extension theorems for analytic objects, in 
particular sections of a coherent sheaf, defined in semi q'-coronae of a 
complex space. Semi q'-coronae are domains whose boundary is the 
union of a Levi flat part, a ^-pseudoconvex part and a ^-pseudoconcave 
part. Such results are obtained mainly using cohomological techniques. 


1. Introduction. 

Let X be a (eonnected and redueed) eomplex spaee. We recall that X is 
said to be strongly q-pseudoconvex in the sense of Andreotti-Grauert lAGII 
if there exists a compact subset K and a smooth function (p : X (p >0, 
which is strongly ^-plurisubharmonic on X \ X and such that: 

a) 0 = min (p < min cp; 

X K 

b) for every c > mjix cp the subset 

Be = {x e X : (p{x) < c} 
is relatively compact in X. 

If X = 0, X is said to be q-complete. We remark that, for a space, being 
1-complete is equivalent to being Stein. 

Replacing the condition b) by 

b’) for every 0 < £ < min cp and c > max cp the subset 

K K 

Be,c — {xeX : £ < (p(x) < c} 
is relatively compact in X, 

we obtain the notion of q-corona (see 

A ( 2 '-corona is said to be complete whenever K = 0. 

The extension problem for analytic objects defined on ( 2 '-coronae was 
studied by many authors (see e.g. IlFGl . |lSe|, ISill, lISiTI . lITTll f. In this 
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paper we deal with the larger class of the semi ^-coronae which are de¬ 
fined as follows. Consider a strongly ^-pseudoconvex space (or, more gen¬ 
erally, a ^-corona) X, and a smooth function (p : X ^ M displaying the 
^-pseudoconvexity of X. Let Bg c and let h : X —M be a plurihar- 
monic function (i.e. locally the real part of a holomorphic function) such 
that Kn {h = 0} = 0. A connected component of 5e,c \ {/? = 0} is, by 
definition, a semi q-corona. 

Another type of semi (^r-corona is obtained by replacing the zero set of 
h with the intersection of X with a Levi flat hypersurface. More precisely, 
consider a closed strongly (^r-pseudoconvex subspace X of an open subset of 
C" and the (^r-corona C = c — Let H he a Levi flat hypersurface of 

a neighbourhood U of Be such that H CiK = 0. The connected components 
Cm ofC \ H are called semi (^r-coronae. 

In both cases the semi q-coxonae are differences Ac \ Ag where Ac, A^ are 
strongly (^r-pseudoconvex spaces. Indeed, the function y/ — —logh^ (respec¬ 
tively y/ — — log 5h (z) , where 5h (z) is the distance of z from H) is plurisub- 
harmonic in VF \ {/? = 0} (respectively W '^H) where IT is a neighbourhood 
of 5c n {/? = 0} (respectively BcDH). Let : M —> R be an increasing con¬ 
vex function such that x ° (P > ¥ on a neighbourhood of Be '^W. The 
function d> = sup (x o cp, y) + (p is an exhaustion function for Be \ {* = 0} 
(for Be \ H) and it is strongly (^r-plurisubharmonic in 5c \ ({h = 0} U K) (in 
Be^HUK). 

The interest for domains whose boundary contains a “Levi flat part” orig¬ 
inated from an extension theorem for CR-functions proved in ULuTI (see 
also Call, ic^, ttsa). 

Using cohomological techniques developped in IIAGII . HATI . llBSL lO we 
prove that, under appropriate regularity conditions, holomorphic functions 
defined on a complete semi 1-corona “fill in the holes” (Corollaries|4land|3). 
Meanwhile we also obtain more general extension theorems for sections of 
coherent sheaves (Theorems |3] and©. As an application, we finally obtain 
an extension theorem for divisors (Theorems and d and for analytic 
sets of codimension one tTheoremflTb. 

We remark that this approach fails in the case when the objects to be ex¬ 
tended are not sections of a sheaf defined on the whole 5c. In particular, 
this applies for analytic sets of higher codimension. This is closely related 
with the general, definitely more difficult, problem of extending analytic 
objects assigned on some semi (^r-corona when the subsets 5c are not rela¬ 
tively compact in X i.e. when A is a genuine (^r-corona. It is worth noticing 
that a similar extension theorem for complex submanifold of higher codi¬ 
mension has been recently obtained in llDSl by different methods based on 
Harvey-Lawson’s theorem liHli . 

We wish to thank Mauro Nacinovich and Viorel Vajaitu for their kind 
help and suggestions. 
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2. Cohomology and extension of sections. 

2.1. Closed (^-coronae. LetX be a strictly (^r-pseudoconvex space (respec¬ 
tively X c C" be a strictly (^r-pseudoconvex open set) and // = {/? = 0} (re¬ 
spectively H Levi-flat), and C = B^ c = 5c \ 5e a ^-corona. 

We can suppose that Bc'^H has two connected components, 5+ and B , 
and define C+ = 5+ fl C, C_ = 5_ n C. 

If G Coh(5c), we define p{^) = inf depth(,^^), the depth of ^ on 

xeBc 

Bc.\i ^ the structure sheaf of X, we define p{Bc) = p{&)- 
Theorem 1. Let ^ G Coh(5c). Then the image of the homomorphism 

(all closures are taken in Be), defined by (i^ © fi) i—^ — Ti\c+ has finite 

codimension provided that q—l <r< p(^) —q — 2. 

Proof. Consider the Mayer-Vietoris sequence applied to the closed sets 5+ 
and C 

(1) //"(S+UC,,^) ^//'■(5+,,^)©//''(C,,F) A 

A //'■(C+,,^)^//'"+^(5+UC,,^)^--- 

5(a®b) — 5+ U C = 5c \ t/where t/ = 5_ fl 5e. U h q- 

complete, so the groups of compact support cohomology Hl{U, are zero 
for q<r < p{,!^) — q. 

From the exact sequence of compact support cohomology 

(2) ■■■ ^ //;(f/,.F)^//'‘(5c,,F)^ 

//'■(5c\t/,,^)^//;^i(t/,,^)^--- 

it follows that 

(3) 

for q<r < p{^) — q—\. 

Since 5c is ^-pseudoconvex, 

dime H''{Bc,,^) 

for q <r lAGl Theoreme 11], and so 

dime 

for q<r < p{^) — q—l. 

From ([T]) we see that dime//'^(5c \ U,-^) = dime(5+ UC, ,^) is 
greater than or equal to the codimension of the homomorphism 8. □ 

Corollary 2. Under the same assumption ofTheorem\J\ ifKHH = 0, 

dime 

for q <r < p{^) — q — 2. 
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Proof. Since ^ fi // = 0 , 5+ is a <?-pseudoconvex space, and by virtue of 
HAGl Theoreme 11] we have 

dime < oo 

for r > q. On the other hand, C is a ( 5 '-corona, thus we obtain 

dime < 0 ° 

for ^ < r < — q — \ in view of IIATL Theorem 3]. By Theorem [T] 

we then get that for ^ < r < p{,!^) —q—l the vector space © 

H’'{C, has finite dimension and for q—\<r< p{^) — <? — 2 its image in 
has finite codimension. Thus has finite dimension 

for < r <p(,^) — — 2 . □ 

Theorem 3. If B+ is a q-complete space, then 

for q < r < p{^) — q — 2 and the homomorphism 

(4) 1 (B+, ,^) © //'?-1 (C, ^ , ^) 

is surjective for p{^) >2q+l. 

IfBj^ is a 1-complete space and p{<^) > 3, the homomorphism 

is surjective. 

Proof. Since by hypothesis B+ is a ( 2 '-complete space, H''{B+,.^) = {0} for 
q < r BAGI Theoreme 5]. From Q it follows that H''{B+ U C+, = {0} 

for ^ < r < p{.^) —q—l. Thus, the Mayer-Vietoris sequence (HJ) implies 
that ^ //''(C 4 ., for q <r < p{^) — q — 2 and that the homo¬ 

morphism dH) is surjective if p{^) >2q-\-\. 

In particular, if ^ = 1 and p{^) >3 the homomorphism 

is surjective i.e. every section cr G is a difference Oi — 02 of 

two sections Oi E H^{B+,,^), 02 E Since Be is Stein, the coho¬ 

mology group with compact supports hI (Bg, is zero, and so the Mayer- 
Vietoris compact support cohomology sequence implies that the restriction 
homomorphism 

H\Bc,^)-^H\Bc\Be,^)= (C, 

is surjective, hence 02 E is restriction of 02 E H^(Bc,^). So a 

is restriction to C+ of (ci — o^ 2 |s+) ^ and the restriction homo¬ 

morphism is surjective. □ 

Corollary 4. Let B+ be a l-complete space and p{Bc) > 3. Then every 
holomorphic function on C+ extends holomorphically on B^. 
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2.2. Open ^-coronae. Most of the Theorems and Corollaries of the previ¬ 
ous seetion still hold in the open ease and their proofs are very similar. First 
we give the proof of the extension results using direetly Theorem |3l We 
have to assume that H is the zero set of a pluriharmonie funetion h and we 
define C, C+ and C as we did before. 

Let us suppose 5+ is 1-eomplete and p{^) > 3. Let 5 G ^). For 

all e > 0 , we eonsider the elosed semi 1 -eorona 

Ce — ^e+e,c C {fi > £} C 

Let Oe = j'lQ. By Theorem |3l (applied to Ce, H£ = {h = e}), we obtain that 

Ce extends to a seetion 0 £ G ^), where B^ = B^Ci {h > e}. Sinee 

B+ = UgBe, if for all £2 > Ei > 0 , 


(5) 



the seetions Oe can be glued toghether to a section o G extend¬ 

ing 5 . 

Let £i,£ 2 , £2 > £1 > 0, be fixed. We have to show that dSl) holds. By 
definition, 



Let us consider the family = A((p — £ 2 ) - 1 - (1 — A)(fi — £ 2 ))Ae[o,i] of 

strictly plurisubharmonic functions. Let A be the smallest value of A for 
which = 0} n 5 7 ^ 0. Then < 0} fl C is a Stein domain 
in which the analytic set S intersects the boundary; so the maximum prin¬ 
ciple for plurisubharmonic functions and the strict plurisubharmonicity of 
^ toghether imply that {^ = 0} fl 5 is a set of isolated points in S. By 
repeating the argument, we show that S has no components of positive di¬ 
mension. Hence aej|_ — de^ is zero outside a set of isolated points. Since 

p{^) > 3, the only section of ^ with compact support is the zero-section 
IIBSl Theoreme 3.6 (a), p. 46], and so d^, |_ — ae, is zero. 

Hence, there exists a section o G such that o^c+ = Thus 

we have proved the following 

Theorem 5. If a is 1 -complete space, ^ a coherent sheaf on with 
^ 3, the homomorphism 


h\b+,j^)-^h\c+,^) 


is surjective. 

In particular. 

Corollary 6. IfBj^ is a l-complete space andp{Bc) > 3, every holomorphic 
function on C+ can be holomorphically extended on 
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Theorem 7. Let Sing(5c) = 0- ^ Coh(5c)- Then the image of the 

homomorphism 

defined by (^,7]) <d|c+ ~ 1\C+ finite codimension for q — \ < r < 

p{^) —q — 2. For q=\ the thesis holds true also dropping the assumption 

Sing (5c) = 0- 

Proof. Consider the Mayer-Vietoris sequenee applied to the open sets 5+ 
and C 

( 6 ) ^ 

d{a®b) = a\c+ ~ ^\c+- 5+ U C = 5c \ where Kq = B F 5e. has 
a ^-eomplete neighbourhoods system and so the loeal eohomology groups 
are zero forf^r < r < p{^) — <? Q (in the general ease foxq=l, 
see BBSl Lemme 2.3, p. 29]). 

Then, from the loeal eohomology exaet sequenee 

(7) //^„(5c,^)-^//'‘(5c,^)^ 

^ //'•(5c\ifo,^)^7/^^(5c,^)^--- 

follows that 

(8) //'■(5c,^)^//''(5c\i^o,^), 

for ^ <r < p{^) —q—l. 

Sinee 5c is ^-pseudoeonvex, 

dime Fl^{C^^) <°° 

for q <r BAGl Theoreme 11], and so 

dime H’-{Be'^Ko,^)<oo 

for q <r < p{^) — q—l. 

From ® we see that dimcH'^{Be -^Kq,^) = dimci7'^(5+ UC,is 
greater than or equal to the eodimension of the homomorphism 5. □ 

Corollary 8. Under the same assumption of Theorem^ ifKHH = 0, 

dime //'■(C+,,^) <oo 

for q <r < p{^) — q — 2. 

Proof. The proof is similar to that of Corollary |2l □ 


Theorem 9. Suppose that Sing(5c) = 0 and 5+ is a q-complete space, then 
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for q < r < p{^) — q — 2 and the homomorphism 

(9) ^ ^ (c+, ^) 

is surjective if p{^) >2q+l. If q = 1, both results hold true for an arbi¬ 
trary complex space Be- 

Proof. The proof is similar to that of Theorem |3l □ 

2.3. Corollaries of the extension theorems. From now on, unless other¬ 
wise stated, by 5, 5e, C and C+ we denote both the open sets and their 

closures, and we suppose that H = {h = 0}, h pluriharmonic. 

2.3.1. Let / G &*). In the hypothesis of Corollaries |4| and 0 both 

/ and 1// extend holomorphically on 5+ Hence: 

Corollary 10. If B^ is a l-complete space and p{Bc) > 3, the restriction 
homomorphism 

is surjective. 

2.3.2. In Theorems |3] and |5] we have estabilished the isomorphism 

In some special cases this leads to vanishing-cohomology theorems for C+. 
An example is provided by a (^-corona C which is contained in an affine 
variety. In such a situation, we have that = {0}, for q < r < 

p{^) —q — 2 II ATI , and consequently = {0} in the same range 

of r. 

2.3.3. Let A be a Stein space. Let // = {fi = 0} C A be the zero set of a 
pluriharmonic function, and let 5 be a real hypersurface of A with boundary, 
such that SnH = bS = bA, where A is an open set in H. Let D C A be the 
relatively compact domain bounded by 5UA. In ILuTI it is proved that, for 
A = C", C7?-functions on S extend holomorphically to D. As a corollary 
of the previous theorems, we can obtain a similar result for section of a 
coherent sheaf on an arbitrary Stein space A. 

Let us consider the connected component Y of A \ containing D, the 
closure D of D in 7, and let be F = T \ D and Sy = 5n T. For every coherent 
sheaf on A, with p{.^) > 3 we have the Mayer-Vietoris exact sequence 

Since Y is Stein, (T, is zero, and every section o on Sy is a difference 
j'l — S 2 , where si G and S 2 G By choosing an e big 

enough so that S is contained in the ball Be(Yo) of radius £ of A centered 
in xq, we can apply Theorem |5] to the semi 1-corona C+ = T \ (B^ fi T), to 
extend S 2 \(.^ to a section S 2 defined on 7. In order to conclude that j'l — S 2 \- 
extends the section o, we have to prove that S 2 \p — S2 \f = 0. 
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As before, we consider the set E = {521^ — 5'2|f 7^ 0} C 5e fl 7 and con¬ 
clude that E is a set of isolated points. Since p{^) >'i,^ has no non zero 
section with compact support IBSl Theoreme 3.6 (a), p. 46]. Thus E = 0 
and we have obtained the following: 

Corollary 11. Let X be a Stein space. Let H = {h = 0} d X be the zero 
set of a pluriharmonic function, and S be a real hypersurface of X with 
boundary, such that S (1H = bS = bA, where A is an open set in H. Let 
D G X be the relatively compact domain bounded by SdA and be a 
coherent sheaf with p{^) > 3. All sections of.^ on S extend (uniquely) to 
D. 


We can go further: 

Corollary 12. Let X be a Stein manifold, ^ a coherent sheaf on X such 
that p{^) > 3 and D be a bounded domain and K a compact subset ofbD 
such that bD \ K is smooth. Assume that K is ff(D)-convex, i.e. 

K=\^zeD : |/(z)| <max|/||. 

Then every section of on bD \ K extends to D. 

Proof. We recall that since U is an open subset of a Stein manifold there 
exists an envelope of holomorphy U of U (cfr. HDGI l f/ is a Stein domain 
Tlu : U ^ X over X and there exists and open embedding j : U ^ U such 
that Tlu ° j = idu and J* : ff(U) ^(U) is an isomorphism. In particular 
Tzfj^ hdi. coherent sheaf with the same depth as which extends ^\u. 

Let us fix an arbitrary point xdD. We need to show that any given section 
C7 G H^{bD \ extends to a neighbourhood of x. Since x ^ K = K, 

there exists an holomorphic function /, defined on a neighbourhood U of 
D, such that \f{x) \ > mstXK |/(z) |. 

Then o extends to a section o G Let /be the holo¬ 

morphic extension of / to f/. The hypersurface 

//= jzGC/: |/(z)| =max| 7 l| 

is the zero-set of a pluriharmonic function and, by construction, 

xg 5+ = jzGt/: |/(z)| >max| 7 ||. 

Now we are in the situation of Corollary [TT] so o extends to a section on 
D+. Since x G D+, this ends the proof. □ 

3. Extension of divisors and analytic sets of codimension 

ONE. 


First of all, we give an example in dimension n = 2 of a regular complex 
curve of C+ which does not extend on Hence, not every divisor on 
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extends to a divisor on 


Example. Using the same notation as before, let 5^ be the ball {|zip + |z 2 p < c}, 
c > 2, in C^, and H be the hyperplane {x 2 = 0} (zj = xj + ijj). Let 2 < e < 
c,C = 5e, = Bed {x 2 > 0}, C-f = C fl {x 2 > 0}. 

Consider the connected irreducible analytic set of codimension one 

A = {(zi,Z2) e : ziZ2 = 1} 


and its restriction Ac to C+. If Ac has two connected components, Ai and 
A 2 , if we try to extend A 1 (analytic set of codimension one on C+) to its 
restriction to C+ will contain also A 2 . So Ai is an analytic set of codimen¬ 
sion one on C+ that does not extend on 

So, let us prove that Ac has indeed two connected components. A point 
of A (of Ac) can be written as zi = pe'®, Z 2 = ^ with p G M+ and 

Q G (—f, f) • Hence, points in Ac satisfy 

2<e<p^ + X,<c ^ 2< Ve + 2 < p -h - < Vc-h2. 

P^ P 

Since /(p) = p -f- 1/p is monotone decreasing up to p = 1 (where /(I) = 
2 ), and then monotone increasing, there exist a and b such that the inequal¬ 
ities are satisfied when a < p <b <1, ox when 1 < l/Z? < p < 1/a. Ac is 
thus the union of the two disjoint open sets 


Ai = <! gC^ 


a< p <b, 


A2=<! G'^^ 


-f 


The aim of this section is to prove an extension theorem for divisors, i.e. 
to prove that, under certain hypothesis, the homomorphism 

( 10 ) H^{B+,^)^H^{C+,^) 

is surjective. 

In order to get this result, we observe that from the exact sequence 

( 11 ) 

we get the commutative diagram (horizontal lines are exact) 

H^{B+,^*) -^// 0 ( 5 +,^)-- ^H\B+,^*) 


P 


■//0(C+,. 


1 

H\C+c 
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Thus, in view of the “five lemma”, in order to eonelude that /3 is surjective 
it is sufficient to show that a and 7 are surjective, and 5 is injective. 

Lemma 13. IfSmg{B+) = 0 , Be is l-complete and p{Bc) > 3, then a is 
surjective. 

Proof. Let / be a meromorphic invertible function on C+. Since C+ is an 
open set of the Stein manifold B+, f = , /i ,/2 ^ ff). By 

Corollary m®, f\ and /2 extend to holomorphic functions on and con¬ 
sequently / extends on B^ as well. □ 


Lemma 14. Assume that the restriction [B ^, Z) —^ (C+, Z) is surjec¬ 

tive. If Be is l-complete and p{Bc) > 4, then y is surjective. 

We remark that if = {0} the first condition is satisfied. 


Proof. From the exact sequence 
( 12 ) 

we get the commutative diagram (horizontal lines are exact) 


//i(B+,^) 


y 

//i(C+,^*) 


H^{B+,Z) 

U 

H\C+,Z) 


hHb+.&) 

/5^ 


where H^{B+, 6) = //^(B_|_, G) = {0} because B+ is Stein, and /4 is sur¬ 
jective by hypothesis. Thus in order to prove that 7 is surjective by the “five 
lemma” it is sufficient to show that /2 is surjective, i.e. that //^(C+, G) — 
{0}. 

Since p{Bc) > 4, by Theorem|3]® it follows that 
(13) n^{C,G)^H^{C^,G). 

Consider the local, respectively compact support, cohomology exact se¬ 
quence 



H\Be,G) 


H^{C,G) - ^H^^{Bc,G) 


HliBe, G) -- H\Be, G) -- //1(C, G) -- H^{Be, G) 

Since B^ is Stein, H\Bc, G) = {0} and //[(Be, G) = UL (B^ G) = {0} for 

1 < r < p{Be) — 1 lO- In particular, since pi^Bf) > p{Bc) > 4, it follows 
that 

(14) {Q}=H\Bc,G)^H\C,G). 

(fist and (fT4b give 

{0} = //I (B„ G) //I (C, ^) ^ //I (C+, ^). 
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and this proves the lemma. □ 


In the ease Z) = {0} we remark that from the proof of LemmafHl 

it follows that the sequenee 

is exaet, that is G*) = {0}. Henee, the eommutative diagram rela¬ 

tive to (E]) beeomes (horizontal lines are exaet) 


(15) 

a 


P 


h\b+,g*) 

y 

— { 0 } 


and it is then easy to see that a divisor on C+ ean be extended to a divisor 
on 

Thus we have proved the following: 

Theorem 15. Let Be be \-complete, p{Bc) > 4, and Cj^ satisfy the topolog¬ 
ical condition //^(C+,Z) = {0}. Then, ifSmg{B^) = 0, all divisors on C+ 
extend (uniquely) to divisors on 5+. 

Corollary 16. Let Be be 1-coniplete, p{Be) > 4, Sing(5+) = 0, and ^ 
be a divisor on C+ with zero Chern class in Then ^ extends 

(uniquely) to a divisor on 5+. 

Proof. Use diagram (fTSb . □ 


Theorem 17. Assume that H^{C+,Q) = {0}. IfSmg{B+) = 0, Be is 1- 
complete and p{Be) > 4, then all analytic sets of codimension 1 on C+ 
extend to analytic sets on B^. 

Proof. Let A be an analytie set of eodimension 1 on C^. Sinee B^ is a 
Stein manifold, C+ is loeally faetorial, and so there exists a divisor ^ on 
C+ with support A. Sinee H^{C+,Q) = {0}, there exists n G N sueh that 
nc 2 (i^) = 0 G//^(C+,Z). Henee has zero Chem elass in//^(C+,Z), and 
so, by Corollary [Tblm^ ean be extended to a divisor n^ on The support 
of n^ is an analytie set A whieh extends to 5+ the support A of . □ 


In Theorem the eondition //^(C+,Z) = {0} ean be relaxed and re- 
plaeed by the weaker one: the restrietion map //^(5+,Z) —> //^(C+,Z) is 
surjeetive. We need the following 


Lemma 18. 5 is injective. 

Proof. First we prove lemma for C+ elosed. Let ^ 
that (^ 1 ^^ = 0. Consider the set 

A = {r] G [0,e] : =0}. 


be sueh 
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If we prove that 0 G A, we are done, beeause 0 = ^ ■ Ob¬ 

viously T]o G A implies Vt] > r/o, t] e A. 

A 7 ^ 0 . Sinee C+ = 5+ \ 5e and = 0, £ G A. 

A is elosed. If ?]„ G A, for alln, and ?]„ \ r/^o, 5+ — U„(5+ \BriJ, 

henee = 0 for all n implies <^|b+x:b,,„ = 0, i-e. G A. 

A is open. Suppose 0 < t]o G A. We denote Ct^q = 5+ \ 5rio- Let be 
the family of open eovering {f/,},g/ of 5+ sueh that: 

a) Ui is isomorphically equivalent to an holomorphy domain in C"; 

/3) If Ui n bBriQ 7 ^ 0, the restrietion homomorphism 

is bijeetive; 

7 ) f/,- n f/j is simply eonnected. 

£/ is not empty and it is eofinal in the set of open eoverings of 5+ IIAGL 
Lemma 2, p. 222]. Let and {fij} G be a rep¬ 

resentative of ^. Let Wi = Ui n CriQ . Sinee T]o G A, if Wi fl Wj 7 ^ 0 , /,y|iy,nw = 
(fv e H^{Wy,^*)). By a), fy = pyq-\ py,qy G By 

/3), both pv and q^ ean be holomorphieally extended on Uy, with py and 
qy. Henee we have fij = piq^^ {pjq~J^)~^ on Ui fl Uj (whieh is simply eon- 
neeted, so that there is no polidromy). So = 0 in an open neighborhood 
U of CjjQ and, by eompaetness, there exists £' > 0 sueh that Cj^g-e' C U. So 
rjQ — U gA and eonsequently A is open. 

Thus A = [0, £], and the lemma is proved if C+ is elosed. 

If C+ is open, we eonsider C+ as a union of the elosed semi 1-eoronae 

Ce = {/!>£'} C C+. 

Let ^ G be sueh that = 0. Then = 0, for all U > 

0. Consequently from what we have already proved = 0, where Be = 
B_|_ n {h > £'}. Sinee = B_|_, ^ = 0 and the lemma is proved. □ 

Lemma fTSl Lemma fT4l and Lemma [18] lead to the following generaliza¬ 
tion of Theorem [TSl 

Theorem 19. Assume that the restriction (B^, Z) —» (C 4 ., Z) is sur¬ 
jective. 7/’Sing(B+) = 0, Be is l-complete and p{Bc) > 4, then all divisors 
on C+ extend to divisors on B^. 
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